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^ . Abstract 

'NT 

(N 

t^^ ■ In the framework of the semiclassical approach, we compute the normaUzed structure 

O ' 

constants in three-point correlation functions, when two of the vertex operators correspond 

to heavy string states, while the third vertex corresponds to a light state. This is done 

for the case when the heavy string states are finite-size giant magnons with one or two 

angular momenta, and for two different choices of the light state, corresponding to dilaton 

operator and primary scalar operator. The relevant operators in the dual gauge theory are 

Tr (F^^ Z^ + . . .) and Tr (Z^). We first consider the case of AdS^ x S^ and A/" = 4 super 

Yang-Mills. Then we extend the obtained results to the 7-deformed AdS^ x S^, dual to 

JV = 1 super Yang- Mills theory, arising as an exactly marginal deformation of A/" = 4 super 

Yang-Mills. 



1 Introduction 



It is known that the correlation functions of any conformal field theory can be determined 
in principle in terms of the basic conformal data {Ai,Cijk}, where Aj are the conformal 
dimensions defined by the two-point correlation functions 



I I9A ■ 

Fl ~ X2\ ' 



p\{x,)0,{x,) 
and Cijk are the structure constants in the operator product expansion 

(0,(xi)0,(x2)a(x3)) 



\xi - X2\^^^^^~^^\xi - X3|^i+^3-A2|a;2 - xgl^a+As-Ai " 

Therefore, the determination of the initial conformal data for a given conformal field theory is 
the most important step in the conformal bootstrap approach. While this is well-established 
in two dimensions where the conformal symmetry is infinite dimensional pQ, it is extremely 
difficult to extend the procedure to higher dimensional space-times. 

The AdS/CFT correspondence [2] between type JIB string theory on AdSs x S^ space and 
J\f = 4 super Yang-Mills theory (SYM) in four dimensions, has provided a most promising 
framework. A lot of impressive results have been obtained in this field based on the integra- 
bility discovered in the planar limit of the A/" = 4 SYM. In particular, the thermodynamic 
Bethe ansatz approach based on non-perturbative worldsheet S-matrix has been formulated 
to provide the conformal dimensions of SYM operators with arbitrary number of elementary 
fields for generic value of 't Hooft coupling constant A (for a recent review see p]). In the 
strong coupling limit A S> 1, the AdS/CFT duality relates the conformal dimensions to the 
energy and angular momenta of certain classical string configurations. 

The situation is similar for the 7-deformed (or TsT-transformed) case, namely duality 
between string theory on AdS^ x S^ background, dual to A/" = 1 SYM, arising as marginal 
deformation of AT = 4 SYM [H [S|. 

There have been many interesting achievements on three-point correlation functions in the 
AdS/CFT context. Three-point functions for chiral primary operators have been computed 
first in the AdSs supergravity approximation [B]. Recently, several interesting developments 
have been made by considering general heavy string states. An efficient method to compute 
two-point correlation functions in the strong coupling limit is to evaluate string partition 
function for a heavy string state propagating in the AdS space between two boundary points 
based on a path integral method [H [8] . This method has been extended to the three-point 
functions of two heavy string states and a light supergravity mode [9], [lOl [TT]. Relying on 
these achievements, many interesting results concerning three-point correlators of two heavy 
modes and one light mode have been obtained [9]-|29j. 

The three-point functions of two heavy operators and a light operator can be approximated 
by a supergravity vertex operator evaluated at the heavy classical string configuration: 

{Vh{Xi)Vh{x2)Vl{x3)) = VL(a;3) classical- 



For |xi| = 1x21 = 1, X3 = 0, the correlation function reduces to 

Then, the normahzed structure constants 

^ _ C'123 
(-3 - 7^— 

can be found from 

C3 = CaVl(O) classical, (1-1) 

were ca is the normahzed constant of the corresponding hght vertex operator. 

Very recently, first results describing finite-size effects on the three-point correlators ap- 
peared p^ |25| |28] . In this note we are going to obtain more three-point correlation functions 
for the cases when the heavy string states are finite-size giant magnons with one or two angu- 
lar momenta, and for two different choices of the light state, corresponding to dilaton operator 
and primary scalar operator. We first consider the case of giant magnons in AdS^ x S^, and 
then we extend the obtained results to giant magnons on 7-deformed AdS^ x S^ background. 



2 AdS^ X 55 and A/" = 4 SYM 



Let us first recall the relations between the coordinates, which we are going to use further 
on. If we denote the string embedding coordinates on AdS and sphere parts of the AdS^ x S^ 
background with Y and X respectively, then 



it 



Yi -|- iY2 = sinhp sinr^ e'^'^^, ¥3 + iY^ = sinhp cos 77 e**^^, Y5 -|- iVo = coshp e 
are related to the Poincare coordinates by 

z 2z 2z 

where x"^Xm = —x^ + XiXi, with m = 0, 1, 2, 3 and i = 1,2, 3. 

Since we are going to compute the three-point correlators containing two heavy operators 
corresponding to dyonic giant magnons, we restrict ourselves to the Rt x 5*^ subspace of 
AdS^ X 5*^. In that case, we can explore the reduction of the string dynamics to the Neumann- 
Rosochatius (NR) integrable system by using the ansatz 



^ = aa + f3T, hi, Uj, a, /3 = constants, j = l,2. 



Then the string Lagrangian in conformal gauge, on the three-sphere, can be written as (prime 
is used for d/d^) 



Cs. = (a' - (3') 



9" + sin^ e{f[- 



Pcu, 



a2-/32 



+ cos'e if^ 



I3U2 



a2-/3^ 



a 



{ul sin^ 9 + ul cos^ 9) 



(2.2) 



(a2 - /32)2 
One can show that the first integrals of the equations of motion for fj{C,), 9(0^ take the form 



f[ 
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ui V f W 

a 1 — t>2 \1 — X 

UJl uv 



- 1 



a 1 — f2' 
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, Ui VI - u^ Kxp-X)ix-Xm) 



a 1 — f 2 



1-X 



where 



Xp ~r Xr> 



XpXr, 



2 - (1 + i;^)iy - M^ 



1-m2 

The case of finite-size giant magnons, corresponds to 

< Xm < X < Xp < 1- 
In (12 .Sp and (12 ■4p the following notations have been used 



X = cos^ 9, V 



— , u= — , W = \ — 



a UJl \uJi 



The replacement into (12.21) gives (we set for simplicity a = Ui = 1 

1 



pgm 



Let us also note that the first integral for x is given by 



[2-{l + v'')W-2{l-u')x] 



X 



2VT^^ 

l-t;2 



\Jx{Xp-x){x-Xm)- 



(2.3) 



(2.4) 



(2.5) 



(2.6) 



2.1 Dilaton operator 

For the dilaton vertex we have [11] 

V^ = (n + n)"^'^ (^1 + ^X^Y [z-^ (9+x„9_x™ + d+zd^z) + d+Xud^Xk] , (2.7) 

where the scahng dimension A^ = 4 + j to the leading order in the large a/A expansion. The 
corresponding operator in the dual gauge theory should be proportional to Tr {F"^^ Z^ + . . .), 
or for j = 0, just to the SYM Lagrangian. 

The normalized structure constant (11. ip can be computed by using (12. 7p . applied for the 
case of giant magnons, to be [211 123 (^'^ = '^e) 



, ,-°° dT. 



Here, the parameter L is introduced to take into account the finite-size of the giant magnons. 
The normalization constant of the dilaton vertex operator c^ is given by [5^ |2] 

d 7A ^(j + l)(j + 2)(j + 3) 

^ 1287riV 2J 

The integration over Te in (12. 8p gives 

dTe [T r (^) 



/-oo cosh^+^(yi^re) ^W T{^Y 
The integration over a can be replaced by integration over x according to 

da = 2 -^, (2.9) 

L J Xm X 

where x' is given in (12. 6p . As a result (12. 8p becomes 



til 

2 



^r(^)^(l-n2)iy ^ ^ 



2n,, I? / ^.1.1 ^™ 



l-«^)X,.F,^-.---|;l;l-^ 

-(1-W).f.(ii4;l;l-^ 

A few comments are in order. The structure constant in (I2.10p corresponds to finite-size 
dyonic giant magnons, i.e. with two angular momenta. The case of finite-size giant magnons 
with one angular momentum nonzero can be obtained by setting m = (xp, Xm also depend 
on u according to (I2.4p ). The infinite size case [21] is reproduced for VT = 1, Xra = 0. For 
j = 0, (I2.10p reduces to the result of 



2.2 Primary scalar operator 



The primary scalar vertex is [35| [9l [TT] 

yp'- = (n + V's)"^'"- (^1 + ^X2y [z-^ {d+x^d.x"^ - d+zd^z) - d^Xkd.Xk] , (2.11) 

where now the scahng dimension is Apr = j . The corresponding operator in the dual gauge 
theory is Tr [Z^). 



For giant magnons we have 

z^"^ {dj^Xmd-X^ — d+zd^z) 
Then the light vertex operator becomes 



cosh (kTp 



cosy {KTe 



cosh (kTp 



1 






where the infinite-size case was considered in [21], while for the finite-size giant magnons 
£^^ should be taken from fl2.5p . As a consequence, the normalized structure constant in the 
corresponding three-point function, for the case under consideration, takes the form: 









dr^. 



W 



'cosh^(Viyre) Vcosh^(VW^re 



1 



dax 



cosh-'(viyre) J-L 



53 



(2.12) 



Performing the integrations in (I2.12p . by using (12. 9p . (12. 6p . one finally finds 



C: 



pr 



TT 



3/2^' 



r(l) 



Xp' 



1 1 J 



{l-W + j{l~v^W)) 2F, 



;1;1 



''2'2 2'^' 



(l+j)(l-«')Xp2FiQ, 



1 3 



;l;l- 



Xm 

Xp 



(2.13) 



As before, the case of finite-size giant magnons with one angular momentum can be obtained 
by setting m = in (I2.13p . 

It was observed in [2T] that for the infinite-size case, C^ is nonzero only for giant magnons 
with two angular momenta. For giant magnons with one angular momentum C^^ vanishes. 
Let us see if we can reproduce this result from (I2.13p . To this end, we fix VT = 1, Xm = 0. 
Then according to (12.40 . Xp becomes 

1 — f ^ — u^ 

Xp ~ ^ 5 ' 
1 — w^ 



and one can show that C^^ reduces to 

^='~ " ^'"^ r (2±i) r (i±i) yr^^?^^ l i_„, ) ■ U-14) 

Since we know that the case of giant magnons with one angular momentum corresponds to 
u = 0, fl2.14p confirms the observation made in [2T] . 

It is also interesting to see how fl2.14l) looks written in terms of the second angular mo- 
mentum J2 and the worldsheet momentum p of the string, where p is identified with the 
magnon momentum in the dual spin chain on the field theory side. For this purpose, we 
have to know the relations between {v, u) and (J2,p). One way to find them is to look at the 
finite-size expansions of J2, p, and to take into account only the leading terms there, because 
at the moment we are considering the infinite-size case. According to [36j, this gives 

..- ^"*) u^ ,^„ ^,\.„ ,^,. (2.15) 



where 



J, 



27lJ' 



2 



2 



Replacing fl2.15p into fl2.14p . one ends up with the following expression for C 



pr 
3oo 



^°°" "r(3±.)r(i±^)^V:^.^ + 4sm^(,/2)- ^''''^ 



3 AdS5 X 5^ and A/" = 1 SYM 

Investigations on AdS/CFT duality [2J for the cases with reduced or without supersymme- 
try is of obvious interest and importance. An interesting example of such correspondence 
between gauge and string theory models with reduced supersymmetry is provided by an 
exactly marginal deformation of A/" = 4 super Yang-Mills theory [37] and string theory on a 
^-deformed AdSt^ x 5*^ background suggested by Lunin and Maldacena in [4j. When /9 = 7 is 
real, the deformed background can be obtained from AdS^ x 5*^ by the so-called TsT trans- 
formation. It includes T-duality on one angle variable, a shift of another isometry variable, 
then a second T-duality on the first angle [5]. 

An essential property of the TsT transformation is that it preserves the classical integra- 
bility of string theory on AdS^ x S^ [5J . The 7-dependence enters only through the twisted 
boundary conditions and the level-matching condition. The last one is modified since a closed 
string in the deformed background corresponds to an open string on AdS^ x S^ in general. 



The parameter 7, which appears in the string action, is related to the deformation pa- 
rameter 7 as 



7 



\fX 7- 



The effect of introducing 7 on the field theory side of the duality is to modify the super 
potential as follows 

This leads to reduction of the supersymmetry of the SYM theory from A/" = 4 to A/" = 1. 

Since we are going to consider three-point correlation functions with two vertices corre- 
sponding to dyonic giant magnon states, we can restrict ourselves to the subspace Rt x S^ 
of AdS^ X 5*^ background. Then one can show that by using the ansatz fl2.ll) . the string 
Lagrangian in conformal gauge, on the 7-deformed three-sphere S't, can be written as 



where 



r = (a^ - /32 



e" + Gsm'e{f[- 



(3co, 



a^-13'^ 



+ Gcos^e{f^- 



(3UJ2 



a 



(a2-/32)2 



G {oof sin^ e + iol cos^ 6) + 2a^G sin^ 6 cos^ 6 



^2f'i - ^1/2 
a2-/32 



(3.1) 



G 



1 + 7^ sin^ 6 cos^ 6 



In full analogy with the undeformed case, by using (13. ip and the Virasoro constraints, 
one can find the following first integrals 



/2 



, fil 1 



a 1 — f 2 
, fii 1 



vW — uK 
1-X 



f (1 — 7K) — 7MX 



a 1 — f 2 



K 

uvil - jK) - 'jv'^W + 7(1 - x) 

X 



_ fil Vl - U^ KXp-X){X-Xm){X-Xn) 



a 1 — f 2 



x(i-x) 



(3.2) 



where 



_ 2-{l + v^)W~u^ 

Xp ~r Xm + Xn ^ ~ 5 



XpXm + XpXn + XmXn 



l-n2 

1 - (1 + v'^)W + {vW - uKf - K"^ 
1-m2 



XpXmXn 



1-U2 



(3.3) 



Now 



u = 7^, W = { — ] , K 



i7i ' V^i/ ' aVti 



auji J \ auj2 , 

while X ci-nd v are the same as before: x = cos^ 9, v = —(5 /a. The case of finite-size giant 
magnons corresponds to 

< Xm < X < Xp < 1, Xn < 0. 

Replacing f l3.2p and (13.31) into fl3.ip . we find the final form of the Lagrangian to be (we 
fix a = ill = 1) 

C;^ = ^ [2 - (1 + v'^)W - 2^K - 2 (1 - 7ir - M (m - ^uK + ^vW)) x] ■ (3.4) 

After setting 7 = in (13. 4p it coincides with (12. 5 p as it should be. Now, the first integral for 
X reads 



, 2VT 



,2 



X' = "Y_^2 \/(Xp-x)(x-Xm)(x-Xn)- (3.5) 



3.1 Dilaton operator 

To compute the normalized structure constant (II. ip for the case of two finite-size dyonic 
giant magnons living on the 7-deformed three-sphere S!^, we have to modify (12. 8p by using 
(I33D 

/OO 7 pL 

— — -^^=^/ da{W + C,). (3.6) 

-00 cosh^^(vW^re) J^L 

Replacing the integration over a according to (12.90 and using (13.50 . one finds 

Q = 271^/^ cj ),l' ^^ = (3.7) 

r(^)v/(i-^^)w^(xp-xn) 

I [1 _ ^i^ _ ^ (^ + ^^yW - uK))] XpFi ("1/2, 1/2, -1 - j/2; 1; 1 - e, 1 - ^"j 
-{l-W- 7AO Fi f 1/2, 1/2, -j/2; 1; 1 - e, 1 - ^ 



where 



Xm Xn /„ ON 

e= , (3.8) 

Xp Xn 

8 



and Fi{a, &i, 62; c; zi, Z2) is one of the hypergeometric functions of two variables {AppellFi] 
In writing (13. 7p . we used the following property of Fi(a, 61, 62; c; zi, Z2) [38j 



Fi{a,hiM;c]Zi,Z2) = {l- zi) '(1-^2) 'Fi c-a,6i,62;c; 



2:1 



Z2 



Zi -1 Z2-I 



Thus, the arguments (1 — e, 1 — Xm/Xp) ^ (0; !)• This representation gives the possibility to 
use the defining series for Fi(a, 61, &2; c; zi, Z2), 



00 00 



Fi(a,6i,62;c;zi,Z2) = ^ JZ 

fcl= 0fc2= 



(a)fci+fc2(^i)fci(&2)fc2 2:1' 4' 



(C)fci+fc2 



fci! A;2! 



ki,2| < 1, 



in order to consider the limits e — )■ 0, Xm/Xp — ;■ , or both. The small e limit corresponds 
to considering the leading finite-size effect, while e = 0, Xm = 0, Xn = 0, K = 0, W = 1, 
describes the infinite-size case. 



3.2 Primary scalar operator 



Since the 7-deformation affects only the sphere, to compute the three-point correlator of two 
finite-size giant magnons and the primary scalar operator in the deformed case, we can use 
f l2.12p . where £|7 must be replaced with (13. 4p . i.e. 



^pr 
1-37 






dT„ 



W 



00 cosh-'(v^r,) \cosh.\VWTe 
: — ^^= — / dax'^C') 

-00 COshVVW^Te) J^L 



daX' 



Performing the integrations in (13. 9 P one obtains 






j-i 



j + l VW^(l-f2) 
xFi(l/2,l/2,-j72;l;l-e,l- 
2 



p Xn) 

(2 - (1 + v^)W - 2^K) 

X, 



Xp 



W{l-v^) 



[1 — 'jK — u{u — '-)uK + 7f 14^)] Xp 



xFi 1/2, 1/2,-1 -j72;1;1- e,l- 



Xrn 
Xp 



(3.9) 



(3.10) 



It can be shown that (I3.10p reduces to the undeformed case (I2.13P if we fix 

Xm 



^ = K = Xn = 



Xp 



This can be done by using the following property of the hypergeometric function Fi 

Fi(a, 61, 62; c; z, z) = 2F1 (a, 61 + 62; c; z) . 



For the infinite-size case, fl3.10p gives 

■ r(i)r(i + |) sin^-^(p/2) 
^^r(^)r(i±^)^V^I + 4sin^(p/2) 



Cf^oo = TTC^ ^ ^3^^.^ ^ ^^^.^ :r2^= ^ ^ .^^ ^^^ : [^^2 +7Sin (p/2)sin(p)J . (3.11) 



Obviously, for 7 = 0, (13.111) reduces to (12.161) as it should be. Also, (13. lip shows that 
the three-point correlator is zero even in the 7-defornied case for 1/2 = 0, when the giant 
magnons are of infinite size. 



4 Concluding Remarks 

In this paper we extended the recently obtained results concerning finite-size effects on 
the three-point correlation functions in the framework of the semiclassical approximation, 
corresponding to the case when the heavy string states are finite-size giant magnons with 
one or two angular momenta [2H [25[ [28] in several ways. 

First of all, we considered the more general case of dilaton vertex with nonzero Kaluza- 
Klein momentum j 7^ 0, for which only the infinite-size case was studied plj. The inves- 
tigations on finite-size effects in [231 125] were restricted to the particular case of j = 0. In 
that case, the coupling is just to the Lagrangian [9l[T0l[TT], i.e. it corresponds to a marginal 
deformation of the SYM two-point functions by the Lagrangian. 

Next, we generalized the infinite-size result of [2T] about two heavy giant magnon states 
and primary scalar operator to take into account the finite-size effect. 

On the third place, we extended the infinite-size result of [27] and the finite-size result of 
, by considering j 7^ 0. 



Finally, we derived the finite-size effect on the normalized structure constant in the three- 
point correlation function of two heavy giant magnon states and primary scalar operator on 
the 7-deformed AdS^ X S^ background. Let us point out that even the infinite-size case was 
not considered by now. 

Obviously, many interesting questions are waiting to be answered in this field of research. 
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